In a recent paper, we noticed that, in the s-channel scattering mediated by a graviton in the linearized Einstein theory, angular momentum seems not to be conserved in the graviton coupling to massive matter fields, due to the presence of a scalar component in the partial-wave expansion of the relevant amplitudes. The present Letter answers to some criticism by Han and Willenbrock, claiming that there is no problem in propagating a scalar component through a graviton exchange. We show explicitly that the partial-wave decomposition of the scattering amplitude contrasts with the rotation-group representations propagating through the graviton exchange in the considered processes. This phenomenon is crucially connected to the critical dependence of the trace of the graviton propagator on the effective dimension of the problem.
amplitude seems to point to a violation of the angular-momentum conservation in the graviton-matter vertex.
Our statement was not based on special assumptions. It was derived in a straightforward way from the Feynman rules of the Einstein theory minimally coupled to massive fermion and vector-boson fields.
In a following paper by Han and Willenbrock [3] , it has been argued that our conclusion would be incorrect, since it is based on the wrong assumption that no J = 0 component is exchanged in the graviton propagator. The authors stress that in the s-channel amplitude mediated by a graviton, also an SO(3, 1) scalar component can propagate. The latter couples to the trace of the energy momentum tensor of the matter fields T µν (that is non vanishing for massive fields). They conclude that there is no violation of angular-momentum selection rules in quantum gravity.
In our paper [1] , the crucial statement that only J = 2 graviton components contribute to the considered amplitudes was based on a previous work by van Dam and Veltman [2] , and was not proved explicitly.
The purpose of the present Letter is to clarify this issue, by showing that there are processes where there is a J = 0 component in the partial-wave decomposition of the s-channel amplitude, and, on the other hand, no J = 0 component propagates in the virtual graviton state. This fact will be shown to be crucially connected to the critical dependence of the trace of the graviton propagator tensor on the effective dimension of the analyzed problem.
Let us consider the general form of the graviton propagator in the linearized Einstein theory. When contracted with conserved energy momentum tensors (i.e., for q µ T µν = 0, with q µ the momentum flowing in the propagator), terms proportional to the momentum are not relevant, and the effective massless graviton propagator becomes * G µναβ (q) = i P µναβ q 2 + iǫ ;
The s-channel p 1p1 → p 2p2 scattering amplitude mediated by a graviton is then given by
are the matrix elements of the conserved energy momentum tensor of the initial (final) states, and M P is the Planck mass. * In this Letter, indices (µ, ν, α, β) are contracted according to the Minkowski metric η µν = Diag(1, −1, −1, −1).
According to common wisdom, apart from propagating J = 2 states, the G µναβ (k) tensor can propagate a scalar J = 0 field associated to the trace
(that equals −4 for space-time dimension D = 4). The latter contributes to the scattering amplitude via †
The minus sign in Eq. (4) is due to the negative norm of the ghost field giving rise to the scalar amplitude.
In this Letter, we will show the following. Suppose that p 1p1 and p 2p2 are either massive fermion pairs or massive vector-boson pairs. Then, in the c.m. frame, assuming equal (and non vanishing in the vector-boson case) helicity for the initial/final particles, the s-channel scattering p 1p1 → p 2p2 lives in a two-dimensional subspace. Hence, the effective tensor P µναβ propagating in the scattering process is two dimensional and traceless, according to Eq. (3) . Correspondingly, we analyze the rotation-group representations contributing to the graviton polarization states that are effectively propagating in the process. Then, in the scattering amplitude, we will trace back just two graviton polarization states matching the J = 2, J 3 = ±2 representations of the rotation group SO(3), where J 3 is the projection of the spin on the axis orthogonal to the scattering plane. At the same time, we will present the partial-wave amplitude decomposition of the considered process, and show that it (surprisingly) includes non vanishing J = 0 components.
This could be interpreted as a violation of the angular-momentum conservation at the graviton matter-field interaction vertex.
In the c.m. frame, we consider the s-channel scattering, mediated by a graviton, of massive fermion and vector-boson pairs ( Figure 1 )
where initial/final particles have equal and non vanishing helicity λ 1 /λ 2 . The 4-momenta of the initial and final particles can be expressed in terms of the three- † This can be easily checked by decomposing the T µν matrix elements as follows:
(q) Figure 1 : Graviton-mediated scattering of equal-helicity matter-field pairs.
dimensional momenta k and p, respectively,
with
, and E = √ s/2 .
We then define the on-shell matrix element of the energy momentum tensor on an initial pp state,T µν [p,p] , as followŝ
Due to the conservation of the on-shell matrix elements of the energy momentum tensor, in the c.m. frame one hasT 0ν = 0, and only the spatial componentŝ T ij (i, j = 1, 2, 3) can differ from zero.
For fermion pairs of equal helicity λ (= ±1), we find from Eq. (24) in the Appendix
where
f /E 2 , and m f is the fermion mass. For equal-helicity transverse real vector bosons, we obtain from Eq. (25) in the AppendixT
where 
• vanish for massless states;
• are proportional to k i k j , in the spatial sector.
The
where G µναβ (q) is the graviton propagator of momentum q = k + k ′ = p + p ′ . By inserting Eqs. (8) and (9) into Eq.(10), we obtain the following expressions for the polarized scattering amplitudes in the c.m. frame
where d Note that all the amplitudes are proportional to particle mass terms that are present in the general tensorial form in Eqs. (8) and (9), and are not arising from the traceT µµ (cf. Eq.(4)). Now we show that, if in the general expression of Eq.(10) the matrix elements of the energy momentum tensor are proportional to k i k j and p i p j [as in Eqs.(8) and (9)], the only propagating graviton components belong to a J = 2 representation of SO (3) . No J = 0 component (that would be connected to the trace of the effective graviton propagator) is exchanged.
In the c.m frame, the scattering amplitude is proportional to
withT †
where the indices (i, j, ℓ, m) run from 1 to 3, k and p are defined in Eq. (6), and the projector P ijℓm is given by
The fact that the spatial T ij matrix elements are proportional to the tensorial product of the corresponding external 3-momenta, k i k j and p i p j , makes the effective geometry of the problem planar. Since the amplitude in Eq. (14) is invariant under the SO(3) rotation group, one can choose a frame where both k and p lie, for instance, on the (1, 2) plane. In such a frame, the only non vanishing components of the energy momentum tensors areT 11 ,T 22 , andT 12 . The sum in Eq. (14) is then restricted to the two-dimensional space spanned by the indices [i, j, ℓ, m = 1, 2], where the effective propagator is traceless, according to Eq. (3). In order to trace back the components of the SO(3) representations that are really exchanged in the graviton propagator, we can write explicitly the sum in Eq. (14) as
Terms proportional to the trace [T †
are indeed not contributing. On the other hand, Eq. (16) can be checked to be equivalent to the sum over the virtual graviton polarizations ǫ
where σ = ± labels the polarization tensors corresponding to the J = 2, J 3 = ±2 representations of SO(3) . In particular [2, 5, 6] , one has ǫ
), where
Hence, we have explicitly shown that, in the s-channel amplitudes where the c.m. spatial components of the T µν matrix elements are proportional to the tensorial product of the corresponding external 3-momenta, only the graviton polarization corresponding to the J 3 = ±2 projections orthogonal to the scattering plane are exchanged. This definitely contrasts with the presence of a J = 0 component in the partial-wave decomposition of the corresponding amplitudes in Eqs. (11−13).
Note that the fact that only the J = 2, J 3 = ±2 polarizations contribute in the decomposition of Eq. (17) can be viewed as the result of a cancellation of the J = 0 (ghost) component corresponding in general to Eq. (4) with the J = 2, J 3 = 0 polarization state corresponding to the SO(3) representation
The latter indeed contributes with a non vanishing trace in the (1, 2) subspace. We finally recall that this proof applies to massive fermion-anti fermion scattering and massive vector-bosons scattering with same (non vanishing) helicity, that can have interferences different from zero with scalar-exchange amplitudes.
In [1] , we also considered a massive graviton exchange, and found that, contrary to the massless case, all the analyzed amplitudes are orthogonal to the scalar-exchange ones. Although this was interpreted as a non violation of the angular-momentum selection rules, in the light of the present discussion, we can see that the massive graviton case shows a complementary violation of the angular-momentum conservation. Indeed, for a massive graviton propagator, Eq. (1) is replaced by
where the projector P m µναβ is traceless not in two but in three dimensions
Hence, in the planar cases described by Eqs.(8) and (9), the projector trace contributes to the graviton propagation, and should give rise to a J = 0 component in the partialwave decomposition of the graviton amplitudes. The fact that the latter is absent seems to point to some inconsistency of the massive theory, that is strictly connected to the one discussed for the massless graviton case.
Going back to a massless graviton, as already mentioned, the selected initial and final helicity states in Eqs.(11)-(13) can interfere with a scalar-exchange amplitude. Actually, for the massive vector-boson case, there is a further helicity state that enters the latter class of processes, that is the one involving the longitudinally polarized pair V 0 V 0 . The spatialT ij [V 0 , V 0 ] matrix element involves, apart from a term proportional to theT ij [V ± , V ± ] matrix element, a term proportional to the scalarT ij [s, s] matrix element, that isT
corresponding to the assumption of minimal-coupling of a real scalar field to gravity (see Eq. (26) in the Appendix). In particular, we find through Eq. (25) in the AppendixT
The spatial tensor k i k j − δ ij E 2 entering Eqs. On the other hand, one can check that a J = 0 component is present in the partial-wave expansion of the corresponding amplitudes. Hence, in scattering amplitudes involving V 0 V 0 (or ss) external states, it is not possible to disentangle any anomalous behavior of the graviton propagator.
